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Abstract – We study a quantum model of dynamical Casimir effect in an optical cavity enclosed
by a freely moving mirror attached to a harmonic spring. The quantum fluctuations of the friction
force exerted by the dynamical Casimir emission onto the moving mirror are investigated, as well
as their consequences on the quantum state of the mirror oscillation. Observable signatures of the
interplay of the nonlinear nature of the effective mirror-cavity coupling and of the discreteness of
the emitted photons are pointed out, in particular as a fast diffusion of the mirror oscillation phase.
These results are interpreted in the language of quantum field theories on curved space-times as
a breakdown of the standard semiclassical theory of the backreaction.
Introduction. – One the most fascinating pillars of
quantum mechanics is Heisenberg’s indetermination prin-
ciple, according to which the observable quantities of any
physical system show non-trivial fluctuations even in the
system’s ground state. In the context of quantum field the-
ories such as quantum electrodynamics, this implies that
the quantum vacuum state is not just an empty space but
crawls of virtual particles that emerge out of the vacuum
and then quickly annihilate again [1]. One of the most
intriguing consequences of these fluctuations is the possi-
bility of transforming the virtual photons corresponding
to the zero-point fluctuations into an observable quan-
tum vacuum radiation when the background on which the
quantum field lives is modulated in either space or time [2]:
the related effects of dynamical Casimir emission [3–8] and
cosmological particle creation [9, 10] have been predicted
when the boundary conditions imposed to the field or the
overall size of a flat space-time are varied in time; a ther-
mal Hawking radiation [11, 12] has been anticipated to
occur in the static but strongly curved space-time around
an astrophysical black hole.
So far, most of the literature on quantum field theo-
ries on curved space times [2] has focused on the dynam-
ics of the quantum field on top of a given background
and, in particular, on the intensity of the quantum vac-
uum emission, whereas relatively fewer works have at-
tacked the much more complex problem of the backreac-
tion of this emission onto the background degrees of free-
dom of the underlying spacetime. The most celebrated
such effects include the friction force exerted onto an ac-
celerated (neutral) mirror by the dynamical Casimir pho-
tons [8] or the evaporation of a black hole under the effect
of Hawking radiation [13]. In the standard descriptions,
the backreaction is included at a semi-classical level by
plugging the expectation value of the energy-momentum
tensor of the quantum field (which of course includes the
emitted radiation) back into the motion equation of the
background, e.g. as a source term in the Einstein equa-
tions for the space-time curvature around a black hole.
More refined treatments describing the fluctuations of the
energy-momentum tensor include the so-called stochastic
gravity approach [14,15].
In this Letter we consider a simplest yet realistic model
of an optical cavity enclosed by a freely moving mirror at-
tached to a harmonic spring and we develop a fully quan-
tum study of the backreaction force exerted by the dy-
namical Casimir emission (DCE) onto the moving mirror.
Building atop our previous study of the average friction
force [16], we focus here on the quantum fluctuations of the
DCE friction force around the average value and on their
observable consequences. While the usual quantum the-
ory of damping [17,18] as well as the semiclassical theory
of backreaction preserve coherent states during the dis-
sipation process, our fully quantum theory predicts that
the nonlinear form of the mirror-cavity coupling combined
with the quantumness of the DCE emission are responsi-
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Fig. 1: Illustrative representation of the system under consider-
ation. One of the cavity mirrors is allowed to harmonically os-
cillate around its equilibrium position and is opto-mechanically
coupled to the cavity mode via the radiation pressure.
ble for a dramatic breakdown of the semiclassical theory
and give new intriguing features in the quantum state of
the mechanical oscillation of the mirror.
The theoretical model. – We consider the system
sketched in Fig.1, namely an optical cavity terminated on
one side by a partially reflecting mirror and on the other
side by a perfect mirror which is free to move under the
effect of a harmonic spring of angular frequency ωb, whose
equilibrium position corresponds to a cavity length L0.
Under a suitable quasi-resonance condition ωb ≈ 2ωa, we
can restrict the dynamics of the cavity field to a single
mode of angular frequency ωa. The radiation pressure is
at the origin of the opto-mechanical coupling between the
cavity mode and the mirror itself [19]. By defining aˆ/aˆ†
(bˆ/bˆ†) the annihilation/creation operators of the cavity
field (mechanical oscillator), the opto-mechanical coupling
can be written [20] at lowest order in the mirror displace-
ment xˆ = xZPF(bˆ+bˆ
†) = (~/2mωb)1/2 (bˆ+bˆ†) and pressure
Pˆ = (~ωa/2L0)
(
aˆ+ aˆ†
)2
operators as
Hˆint = −xˆPˆ = −~ωc
(
aˆ+ aˆ†
)2
(bˆ+ bˆ†), (1)
with an optomechanical coupling strength
ωc =
ωaxZPF
2L0
=
(
~
8mbωb
)1/2
ωa
L0
. (2)
Within a realistic [16] weak coupling regime defined by the
condition ωc/ωa,b  1, we can perform a rotating-wave
approximation [21] where one neglects the anti-resonant
terms in Eq. (1) and only retains the resonant ones cor-
responding to processes where mechanical excitations of
the mirror are annihilated (created) and a pair of photons
is simultaneously created (annihilated) via the DCE. A
more general treatment including the anti-resonant terms
in the ultra-strong coupling limit ωc/ωa,b & 1 was reported
in [22]. Within our RWA approximation, the Hamiltonian
takes the simple form
Hˆ = ~ωaaˆ†aˆ+ ~ωabˆ†bˆ+ ~ωcbˆ†aˆ2 + ~ωcbˆ
(
aˆ2
)†
. (3)
Losses due to the coupling of the optical field to external
baths of radiative and/or non-radiative origin are included
at the level of the master equation for the density matrix
ρˆ, which reads
dρˆ
dt
=
1
i~
[
Hˆ, ρˆ
]
+ Laˆ[ρˆ], (4)
with the usual Lindblad super-operator [17,18]
Laˆ[ρˆ] ≡ (γa/2)
(
2aˆρˆaˆ† − aˆ†aˆρˆ− ρˆaˆ†aˆ) . (5)
To emphasize the backreaction effects, no intrinsic me-
chanical damping is assumed to be acting on the mirror.
Semi-classical theory. – We begin our study with
a comparison between the semiclassical prediction for the
average force and the exact result obtained by a numer-
ical integratiom of the master equation (4), projected on
a Fock number basis with a suitably large cut-off in the
occupation numbers. In the language of the semiclassical
theory of the backreaction, the role of the background is
played here by the amplitude b = 〈bˆ〉 of the mirror oscil-
lation, while the role of the energy-momentum tensor is
played by the expectation values of quadratic field opera-
tors na = 〈nˆa〉 =
〈
aˆ†aˆ
〉
and q = 〈qˆ〉 = 〈aˆ2〉, respectively
representing the population and the anomalous field cor-
relations of the cavity mode induced by the DCE.
Working in the the rotating frame at ωb where q(t) =
e−iωbt q¯(t) and b(t) = e−iωbt b¯(t) and denoting ∆ ≡ ωb −
2ωa the detuning from the DCE resonance, the master
equation (4) translates into the following equations of mo-
tion for the slowly varying variables:
db¯
dt
= −iωcq, (6)
dna
dt
= −γana − 2iωc
〈
q¯†b¯
〉
+ 2iωc
〈
q¯b¯†
〉
, (7)
dq¯
dt
= i (∆ + iγa) q¯ − 4iωc
〈
nab¯
〉− 2iωcb¯ , (8)
where the cubic terms in the Hamiltonian (3) are respon-
sible for the coupling to higher-order operators.
For weak values of the coupling strength ωc/γa  1, we
expect that quantum fluctuations are suppressed, so that
the non-factorisable component in the higher-order corre-
lations between the field and the mirror can be safely ne-
glected. This is the core assumption of the semi-classical
approximation. These correlators can thus be factorized
as 〈a2b†〉 ≈ qb∗ and 〈a†ab〉 ≈ nab (we indicate by “∗” the
complex conjugate operation and we drop for simplicity
the bars indicating slowly varying quantities), which leads
to a non-linear set of equations that can be readily solved
by numerical means.
In Fig. 2, we compare the result of this procedure
(dashed lines) to the master equation (4) (solid line). At
the initial time, the cavity is assumed to be in its vacuum
state, while the mirror is assumed to be prepared in a clas-
sical coherent state. No external driving force is assumed
p-2
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Fig. 2: Time evolution of: the average oscillation amplitude of the mirror (a,d), the average number of cavity photons (b,e) and
the average number of mechanical excitation quanta of the mirror (c,f). In panels (a-c), the result of the numerical integration of
the full master equation (4) (solid line) is compared to the semi-classical approximation (6-8). Thicker (thinner) lines correspond
to higher (lower) values of the optomechanical coupling ωc/γa = 1/20, 1/15, 1/10. The mirror is initially prepared in a coherent
state of amplitude 〈bˆ〉 = 4 and the cavity in its ground state. In panels (d-f), the full master equation (solid line) is compared to
the truncated Wigner approximation (16-17) (square markers) and the Born-Oppenheimer approximation (10) (round markers)
for coupling ωc/γa = 1/20 (fine line, empty markers) and ωc/γa = 1/10 (thick line, filled markers). The mirror oscillation is
initially prepared in a coherent state of amplitude 〈bˆ〉 = 2 and the cavity in its ground state. In each panel, the top plot refers
to the case of a resonant mirror-field interaction ∆ = 0, while the bottom one refers to the off-resonant case ∆/γa = 10.
to be acting on the mirror. The panels in the left column
show the evolution in time of the average amplitude 〈bˆ〉 of
the mechanical oscillation, the one in the central column
show the average number 〈aˆ†aˆ〉 of photons in the cavity
mode, the ones in the right column show the average num-
ber 〈bˆ†bˆ〉 of mechanical quanta. The results for the ∆ = 0
resonant case (upper plot in each panel) confirm that the
semiclassical theory gets more and more accurate as the
coupling ωc is decreased. As expected, the decay gets
faster for growing ωc and a stronger acceleration is visible
at short times for the largest values of ωc.
In order to get some analytical understanding of this
physics, we make a further approximation step and we as-
sume the DCE-induced relaxation dynamics of the oscilla-
tor to be much slower than the intrinsic one of the field at
γa. This allows us to pursue a sort of Born-Oppenheimer
(BO) approximation, in which we first solve the cavity
field dynamics at a fixed oscillator amplitude b and then
we reinsert the steady-state field correlators into the os-
cillator dynamics. In this way, Eq. (8) directly provides
a relation between the steady-state amplitudes qSS and
na,SS ,
qSS =
2ωc
∆ + iγa
(2na,SS + 1) b. (9)
which can be substituted into Eq. (6) to obtain an effective
evolution equation for the mirror oscillation amplitude,
db
dt
= −Γb(na)
2
b . (10)
Here the effective (complex) decay rate
Γb(na,SS) = γ
eff
b
(
1 + i
∆
γa
)
(2na,SS + 1) (11)
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is to be evaluated at the steady-state photon number
na,SS =
2(γeffb /γa)|b|2
1− 4(γeffb /γa)|b|2
. (12)
obtained combining Eqs. (7) and (9), where the effective
damping rate
γeffb =
4ω2cγa
γ2a + ∆
2
. (13)
As expected, for a finite detuning ∆ the decay rate Re[Γb]
gets reduced but, at the same time, a reactive imagi-
nary component appears that shifts the mechanical os-
cillator frequency by an amount Im[Γb] = [4ω
2
c∆/(γ
2
a +
∆2)] (2na,SS + 1). Whereas this frequency shift can be
viewed as a DCE analog of the Lamb shift (which is the
reactive counterpart of the spontaneous radiative decay of
an atom [21]), it displays an additional dependence on the
amplitude b via the na-dependence of Γb.
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Fig. 3: Full master equation prediction for the time evolution
of the mirror oscillation amplitude: average value (solid line)
and uncertainty due to quantum fluctuations (shaded area).
The mirror oscillation is initially prepared in a coherent state of
amplitude 〈bˆ〉 = 4 and the cavity is initially in its ground state.
The two panels refer to the resonant ∆/γa = 0 (a) and non-
resonant ∆/γa = 10 (b) cases. In each panel, the two curves
refer to the γeffb /γa = 1/36 (blue solid) and γ
eff
b /γa = 1/100
(red dashed) cases.
Whereas (11) recovers the predictions of [16] in the lin-
ear limit of small amplitudes b, a remarkable new fea-
ture is the strong nonlinearity of the equation of motion
for b, which is responsible for the peculiar features of the
DCE friction force as compared to standard quantum de-
cay [17, 18]. This effect is well visible in the upper plots
of Fig.2(a-c) for ∆ = 0, in particular in the curves for
stronger ωc values: while at late times the decay recovers
the linear rate γeffb , at early times the rate is significant
faster due to the significant amount of DCE photons that
are present in the cavity mode na > 1 and stimulate the
friction according to the na-dependence of Γb predicted
by Eq.11. The crossover between the stimulated to spon-
taneous decay occurs once the amplitude b has reached a
low enough value such that na < 1.
Eq. (11) naturally provides the validity condition of the
BO approximation, which requires that the (slowly vary-
ing) amplitude of the mirror oscillation has to evolve on
a much longer time scale than the cavity field, which im-
poses |Γb(na,SS)|/γa  1 for all values of na,SS spanned
during the evolution. At late times, it imposes that
ω2c/|γa − i∆|  γa. For macroscopic initial excitations,
the bound at short times also involves the initial ampli-
tude b of the oscillator. A quantitatively comparison of
the BO prediction with the full Master equation Eq.4 is
displayed in Fig. 2(d–f): as expected, the agreement gets
worst for higher Γb(na)/γa: for a given initial amplitude
b, this happens for stronger couplings ωc, the deviation
being particularly visible at early times when the cavity
mode is significantly populated by DCE photons.
Whereas the results of the full master equation (4) for
the resonant ∆ = 0 case shown in the upper plots of the
panels in Fig.2(a-c) validate the semiclassical theory of
backreaction, the situation is more intriguing in the non-
resonant cases shown in the lower plots of the panels in
Fig.2(a-c): while the intensity 〈bˆ†bˆ〉 of the mirror oscilla-
tion keeps decaying at a rate close (modulo the nonlin-
earity) to the approximate value γeffb , a dramatically re-
infored decay is visible for the amplitude 〈bˆ〉. In order to
understand this dramatic failure of the semiclassical ap-
proximation, we must extend our study to the quantum
statistics of the mirror oscillation.
Quantum fluctuations of the friction force. – At-
tacking this problem in terms of the equations of motion
Eqs.(6-8) would require to include higher order correlators
and find a reliable way to truncate the resulting infinite hi-
erarchy of equations [23,24]. Instead of this, our approach
will be again to numerically solve the master equation (4)
and then interpret the results in terms of the truncated
Wigner approximation (TWA) [25–27].
Examples of such calculation are shown in Fig. 3(a,b),
where we summarize the temporal evolution of the me-
chanical oscillator amplitude bˆ and of its uncertainty
∆b2 = 〈bˆ†bˆ〉 − |〈bˆ〉|2 (14)
respectively in the resonant ∆ = 0 and off-resonant
∆/γa = 10 cases for the same values of γ
eff
b . The average
b = 〈bˆ〉 decays along the lines of our previous discussion,
with a reinforced decay rate in the non-resonant case. The
value of the uncertainty ∆b, indicated by the shading, is
also strongly reinforced in this latter case, which confirms
that some additional effect must be taking place.
In order to unravel the physical origin of these be-
haviours, in Fig.4 we display the time-evolution of the
Q-function for the mirror oscillation amplitude, defined
as usual as [18]
Q(β) = Tr [|coh : β〉〈coh : β| ρˆ] , (15)
where |coh : β〉 indicates the coherent state of amplitude β
and ρˆ is the density matrix of the system. In the resonant
case (upper row), the mirror amplitude monotonically de-
cays in time to zero, while the Gaussian-like-shaped Q-
function is just a bit broadened and stretched along the
p-4
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Fig. 4: Full master equation prediction for the temporal evolution of the Q-function of the mechanical oscillator. (a) Resonant
case ∆/γa = 0, (b) non-resonant case ∆/γa = 10.
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Fig. 5: Prediction of the full master equation (solid lines)
and of the truncated Wigner approximation (markers) for the
time evolution of the variance ∆b2 of the mirror oscillation
amplitude in the resonant ∆/γa = 0 (a) and non-resonant
∆/γa = 10 (b) cases for coupling strength ωc/γa = 1/10 (blue),
ωc/γa = 1/15 (green) and ωc/γa = 1/20 (red).
amplitude direction as compared to the symmetric Gaus-
sian shape of coherent states.
As expected, the situation is completely different in the
non-resonant case (bottom row), where the decay is asso-
ciated to a dramatic reshaping of the distribution. The
diffusion of the phase of β is in fact very strong and oc-
curs on a time-scale much shorter than the decay of its
magnitude |β|, which results in the ring-like shape of the
Q-function that is visible in the right-most panels. While
the ring square radius |β|2 (which physically corresponds
to occupation number 〈bˆ†bˆ〉 of the mechanical oscillator)
eventually decays on a time scale set by γeffb , the average
value of the amplitude 〈bˆ〉 is already very small as soon
as the phase has been randomized. This analysis of the
phase diffusion explains the marked discrepancy from the
semiclassical theory found in Fig.2, in the non-resonant
case.
The origin of the reinforced phase diffusion that is ob-
served in the non-resonant case can be intuitively un-
derstood by looking back at the (approximate) analyti-
cal expression for the effective decay rate Γb(na) given in
Eq.(11). In the ∆ = 0 resonant case, the reactive part
Im[Γb(na)] vanishes and any fluctuation in the friction
force can only result in an elongation of the Q-function
in the (horizontal) amplitude direction, as it is visible in
the central panels of the upper row of Fig.4. On the other
hand, in the non-resonant case at finite ∆/γa, the imagi-
nary part responsible for the reactive frequency shift dom-
inates over the real part responsible for the decay. Given
the na-dependence of Γb, any quantum fluctuation in na
will then show up as a phase diffusion.
These physical arguments suggest the possibility of an
alternative description of the dynamics in terms of the
joint Wigner distribution W (α, β) for the cavity field and
the mechanical oscillator amplitudes [18]. Within this for-
malism, a classical limit is naturally identified by the scale
transformation ωc → ωc, α→ α/, β → β/, with → 0,
in which the average values of the cavity field and the
oscillator amplitude take a macroscopic value, while the
nonlinear coupling ωc goes to zero. In this limit, third-
order derivative terms in the pseudo-Fokker-Planck for the
W are of higher order in the infinitesimal quantity  and
can thus be neglected according to the so-called truncated
Wigner approximation (TWA) [26,28]. Under this approx-
imation, the evolution of the Wigner distribution W has
p-5
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a Fokker-Planck form and can be recasted in terms of a
pair of coupled Iˆto stochastic differential equations,
dA =
[
−i
(
ωa − iγa
2
)
A− 2iωcBA∗
]
dt+ dW, (16)
dB =
[−iωbB − iωcA2] dt (17)
for the amplitudes of the cavity field A(t) and of the mir-
ror oscillation B(t), where dW (t) is a temporally delta-
correlated, zero-average, random phase Gaussian noise
such that
〈dW ∗(t) dW (t′)〉 = γa
2
δ(t− t′) dt . (18)
Conversely to the Born-Oppenheimer approach, that is
only reliable for slow decays and imposes an upper bound
to the number of photons in the cavity, the TWA descrip-
tion is accurate in the opposite limit where a large num-
ber of photons are present in the cavity and the fields
behave classically. This is visible in the plots of the aver-
age amplitude shown in Fig. 2(d–f) as well as in the ones
of the variance ∆b2 shown in Fig. 5. In this latter figure,
the TWA prediction (markers) is compared to the master
equation Eq. (4) for a given initial amplitude b0 = 4 and
different coupling strengths ωc/γa = 1/20 (blue curves),
1/15 (green curves) and 1/10 (red curved) in both the
resonant ∆ = 0 [panel (a)] and non-resonant ∆/γa = 10
[panel(b)] cases. As expected, the agreement is here very
good at short times where the occupation of both modes
are large and, quite remarkably, this condition is better
satisfied for stronger values of the coupling ωc. On the
other hand, the discrepancies observed at late times (in-
cluding the non-physical negative occupations) are due to
the small occupation and to the well-known pathologies of
the truncated Wigner method in this regime.
From a physical point of view, the accuracy of the refor-
mulation in terms of the stochastic TWA equations con-
firms our interpretation of the numerical master equation
results in terms of phase diffusion: the quantum fluctua-
tions due to the stochastic noise term dW are responsible
for a wide distribution of the cavity field amplitude A(t)
around its average value. Because of the nonlinear form of
the motion equations (16-17), this results in a fluctuating
frequency of the mirror oscillations analogous to (11).
Theoretical considerations. – To place our results
into a wider context, it is interesting to draw a connection
between our TWA approach and the so-called stochastic
gravity framwork [14, 15]. The equation of motion of the
TWA have the form of stochastic differential equations
for the semiclassical amplitudes and provide a relation be-
tween the noise in the quantum field, in our case the cav-
ity field, and the fluctuations in the background, whose
unique degree of freedom is identified in our DCE case
with the motion of the mirror. Within its limits of va-
lidity, the TWA is an accurate approximation of the full
quantum dynamics of the system as described by the mas-
ter equation in Eq. (4). As such, it can be used to com-
pletely reconstruct the full set of correlators for the me-
chanical oscillator, which is the equivalent of the so called
Boltzmann–Einstein hierarchy of quantum gravity [29].
Experimental considerations. – It is well-known
that experimental studies of the dynamical Casimir effect
are made extremely challenging by the extremely weak
intensity of the emission [30]. To overcome this prob-
lem and get access to the basic physics of quantum field
theories in modulated and curved space-times, a steadily
growing community has started looking at the so-called
analog models [31–34]. These consist of condensed matter
systems displaying some excitation mode that, in suitable
limits, can be described in terms of a quantum field theory
on a curved and/or modulated space-time. Intense theo-
retical efforts on atomic Bose-Einstein condensates [35–44]
and superconducting circuits [45–48] have paved the way
to recent experimental evidences of (analog) dynamical
Casimir [49, 50] and Hawking emissions [51]. The next
challenge will be to push the research on analog mod-
els forward towards the backreaction problem: pioneer-
ing theoretical developments have focussed on the Hawk-
ing emission [52–57] and the DCE [58] cases. In order to
implement the specific proposal of this Letter, promising
candidates are the superconducting circuit devices used
in [49,50], whose potential to observe backreaction effects
was discussed in [16,22].
Conclusions. – In this work we have reported a the-
oretical study of the quantum fluctuations of the friction
force exerted by the dynamical Casimir emission onto a
moving mirror. Capitalizing on our previous work on the
average friction force [16], observable signatures of the
quantum fluctuations have been identified in the quantum
state of the mechanical oscillation of the mirror, which
turns out to dramatically depart from its initial coherent
form. Even though our work is based on a simplest, yet
realistic model of dynamical Casimir emission in an opti-
cal cavity that is amenable to exact calculations at a fully
quantum level, we expect that our findings on the dra-
matic breakdown of the semiclassical approximation and
the non-trivial quantum statistics of the mechanical oscil-
lation are very general and may have deep consequences
for a variety of problems in quantum field theories on
curved spacetimes and in gravitation. Next steps will in-
clude an investigation of the conceptual links between our
findings and stochastic gravity models [15] and the exten-
sion of our study of backreaction effects to those multi-
mode configurations that naturally appear in dynamical
Casimir experiments with atomic fluids [41, 43, 59, 60].
These investigations will pave the way towards the more
challenging task of understanding quantum fluctuation
features in the black hole evaporation process [13].
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